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In general, optimization and mesh adaptation for large-scale
rotorcraft flows using adjoint methods require a time-dependent
implementation of the equations. Considerable effort by a number of
research groups is being focused in this area, and examples of the use
of such approaches have recently emerged [15–17]. Despite the
algorithmic efficiency, however, the computational cost of these
general time-dependent approaches can be considerable, and the
application of such methods to practical problems of engineering
interest may remain prohibitively expensive for some time.

The goal of the current work is to develop, implement, and
demonstrate a new adjoint-based design capability for rotor configur-
ations for which the analysis problem may be cast as a steady
problem in a noninertial reference frame. This approach permits the
use of an existing steady-state adjoint formulation with minor
modifications to perform sensitivity analyses. The resulting formula-
tion is valid for isolated rigid rotors in hover or where the freestream
velocity is aligned with the axis of rotation.

Flow Equations
The governing equations for the flowfield are the compressible,

perfect gas Reynolds-averaged Navier–Stokes equations written in a
reference frame that is rotating with a constant angular velocity �:
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where Q is the vector of volume-averaged conserved variables
Q � ��; �u; �v; �w; E 	T, n̂ is an outward-pointing unit normal, and
V is the control volume bounded by the surface @V. The inviscid and
viscous flux tensors are given by
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The source term S represents a Coriolis effect that results from the
rotating frame of reference:
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Here, u is the absolute velocity vector u � �u; v; w	, r is the position
vector relative to the axis of rotation, and �� is theviscous stress tensor.
The equations are closed with the perfect gas equation of state and an
appropriate turbulence model for the eddy viscosity. For rotorcraft
simulations, the formulation that is described here is applicable to
rigid rotor geometries in either a hover or ascending/descending
flight condition, where the freestream velocity vector is parallel to the
angular velocity vector �.

References [18–21] describe the flow solver that is used in the
current work. The code can be used to perform aerodynamic simula-
tions across the speed range, and an extensive list of options and
solution mechanisms is available for spatial and temporal discretiza-
tions on general static or dynamic mixed-element unstructured
meshes that may or may not contain overset grid topologies.

In the current study, the spatial discretization uses a finite-volume
approach in which the dependent variables are stored at the vertices
of single-block tetrahedral meshes. Inviscid fluxes at cell interfaces
are computed by using the upwind scheme of Roe [22], and viscous
fluxes are formed by using an approach that is equivalent to a central-
difference Galerkin procedure. The eddy viscosity is modeled by
using the one-equation approach of Spalart and Allmaras [23] with
the source termmodification proposed by Dacles-Mariani et al. [24].
For the steady-state flows (relative to the noninertial reference frame)

that are described in this study, temporal discretization is performed
by using a backward-Euler schemewith local time stepping. Scalable
parallelization is achieved through domain decomposition and
message-passing communication.

An approximate solution of the linear system of equations that is
formedwithin each time step is obtained through several iterations of
a multicolor Gauss–Seidel point-iterative scheme. The turbulence
model is integrated all the way to the wall without the use of wall
functions. The turbulence model is solved separately from the mean
flow equations at each time step with a time integration and a linear
system solution scheme that is identical to that employed for the
mean flow equations.

Grid Equations
To deform the interior of the computational mesh as the surface

grid evolves during a shape-optimization procedure, the mesh is
assumed to obey the linear elasticity equations of solid mechanics.
These relations can be written as
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is the strain tensor, ui is the displacement vector in each of the
Cartesian coordinate directions xi , and � and � are material pro-
perties of the elastic medium. The quantities � and � are related to
Young’s modulus E and Poisson’s ratio � through the following:
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The system is closed with the specification of two of the four
parameters � , � , E, and � . In the current implementation, E is taken
as inversely proportional to the distance from the nearest solid
boundary, while Poisson’s ratio is taken uniformly as zero. This
approach forces cells that are near boundaries to move in a nearly
rigid fashion, while cells that are far from the boundaries are allowed
to deform more freely. The system of equations is solved using
GMRES [25] with either a point-implicit or ILU(0) preconditioning
technique as described in [21,26].

Discrete Adjoint Equations
To derive the discrete adjoint equations, a compact notation is

introduced for the governing equations that are outlined above. The
spatial residual vector R of Eq. (1) is defined as
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Furthermore, the linear system of equations given by Eq. (5) can be
written as

KX � Xsurf (10)

where K is the elasticity coefficient matrix that results from the
discretization of Eq. (5),X is the vector of the grid-point coordinates,
and Xsurf is the vector of known surface grid-point coordinates,
complemented by zeros for all interior coordinates.

With the approach that was taken in [11], a Lagrangian function
can be defined as follows:
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where D represents a vector of design variables, f is an objective
function, and �f and �g are the adjoint variables that multiply the
residuals of the flow and the grid equations. In this manner, the
governing equations may be viewed as constraints.

Differentiating Eq. (11)with respect toD and equating the@Q=@D
and @X=@D coefficients to zero yields the discrete adjoint equations
for the flowfield and grid, respectively:
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The remainder of the terms in the linearized Lagrangian can be
grouped to form an expression for the final sensitivity vector:
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Equations (12) and (13) provide an efficient means for determining
discretely consistent sensitivity information. The expense that is
associated with solving these equations is independent of D and is
similar to that of the governing equations. After the solutions for �f
and �g have been determined, then the desired sensitivities may be
calculated using Eq. (14), for which the computational cost is
negligible.

A discrete adjoint implementation has been developed in
[11,17,20,26,27] for the flow solution method that is described
above. The flowfield adjoint equations are solved in an exact dual
manner, which ultimately guarantees an asymptotic convergence rate
that is identical to the primal problem and costate variables that are
discretely adjoint at every iteration of the solution process. The grid
adjoint equations are solved by using GMRES in a manner that is
identical to the method used for Eq. (5). To accommodate the
noninertial reference frame introduced in the current study, minor
modifications have been made to include the effects of the mesh
speeds and the Coriolis terms.

Design Methodology
Design Variables

The implementation that is described in [11] is sufficiently general
such that the user is able to employ a geometric parameterization
scheme of choice, provided that the associated linearizations
required by the adjoint method described above are also available.
For the current study, the grid parameterization scheme that is
described in [28] is used. This approach can be used to define very
general shape parameterizations of existing grids by using a set of
aircraft-centric design variables, such as camber, thickness, shear,
twist, and planform parameters, at various locations on the geometry.
The user also has the freedom to directly associate two or more
design variables to create more general parameters. In the current
work, this option is used to link several piecewise twist variables
across the span of a rotor blade to create a single twist variable that is
used to prescribe the blade collective setting �. In the event that
multiple bodies of the same shape are to be designed, as in the case of
rotor geometries, the implementation allows a single set of design
variables to be used to simultaneously define such bodies. In this
manner, the geometry of each body remains consistent throughout
the course of the design.

Objective and Constraint Functions
The implementation that is described in [11] permits multiple

objective functions f i and explicit constraints cj of the following

form, each containing a summation of ni and mj individual com-
ponents, respectively:
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Here, ! k represents a user-defined weighting factor, Ck is an
aerodynamic coefficient such as total drag or the pressure or viscous
contributions to such quantities, and pk is a user-defined exponent.
The � superscript indicates a user-defined target value of Ck.
Furthermore, the usermay specify the boundaries in the grid towhich
each component function applies.

Design Points and Optimization Strategies
The current implementation supports an arbitrary number of user-

specified design points at which objective and constraint functions
may be posed. Each design point may be characterized by a variation
of basic flowfield quantities such as the Mach number, or a more
general characteristic such as the computational grid that is appro-
priate for each individual design point. In the current study, each
blade collective setting � requires a different grid and, therefore,
represents a different design point.

To perform multipoint optimization, three methods are con-
sidered. The first two approaches are unconstrained formulations for
which individual objective functions f i are posed at each design
point, from which an overall composite objective function f mp is
constructed. The third approach is a constrained formulation.

The first method that is used to form the composite objective
function f mp defines a linear combination of f i :

f mp � � 1f 1 � � 2f 2 � � 3f 3 � . . . � � Nf N (17)

where N is the total number of design points and � i is a constant
weighting factor that is applied to each individual f i . In the current
study, all values of � i are chosen to be 1.0.

The second approach that is used to define f mp is based on the
technique described in [29,30]. In this approach, the objective
functions f i from each design point are combined by using the
Kreisselmeier–Steinhauser function to form f mp as

f mp � f max �
1
�

ln
� XN

i�1
e� �f i �f max�

�
(18)

The quantity f max is defined as themaximumvalue over all f i , and the
value � is a user-defined constant that is taken to be 20.0 [30].
Although not considered here, this approach also has the added
benefit of being able to convert constrained optimization problems
into unconstrained problems by including explicit constraints in the
formulation of Eq. (18).

The third multipoint formulation that is considered is based on a
constrained formulation. In this approach, the objective function to
be minimized is defined at a single design point, while the objective
functions that are defined at the other design points are instead treated
as explicit constraints on the optimization problem.

The multipoint approaches that are used here are commonly used
to obtain point solutions to multi-objective optimization problems
via scalarization of the multiple objectives. The difficulty is that out
of the range of many possible solutions only one is obtained by
setting some parameters heuristically and externally, for example the
weights of the composite scalar objective. Because the current focus
is the interaction of adjoint methods with design optimization, in
principle the simple strategies that are adopted here suffice, but the
related areas of robust and multi-objective design are extensive and
active. The investigation of more sophisticated optimization
strategies is relegated to future work.
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and 0.73 at the � � 10 and 12
 settings, respectively. These choices
represent moderate increases over the baseline figure of merit at each
� based on the single-point design results. Note that because these
constraints are not satisfied by the initial blade geometries in this
approach, the optimization procedure must locate the feasible region
during the course of the design. Theminimum thickness constraint is
also enforced for each of the three multipoint approaches.

The convergence history for the approaches based onEqs. (17) and
(18) are shown in Figs. 10 and 11, respectively. The results for the
two approaches are comparable for the figure of merit at each�. The
final values, which are given in Tables 4 and 5, are also similar,
although they are slightly higher for the approach based on the linear
combination of individual objectives.

The convergence for the constrained approach is shown in Fig. 12.
The blade design satisfies the constraints at � � 10 and 12
 after the
first design cycle, and the overall convergence for each collective
setting is similar to the previous cases. However, note that for this
particular case the optimization procedure was terminated early
because of queue limitations on the computational platform. The
procedure could be restarted if desired, but this was not pursued here.
Table 6 shows that the final blade design with this approach yields
figure of merit values that are comparable to those of the other
multipoint approaches.
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Fig. 11 Figure of merit histories for multipoint optimization based on
KS function given by Eq. (18).

Table 4 Figure of merit before and after multipoint
optimization based on linear combination of objective

functions given by Eq. (17). Values in parentheses
represent results on refined grid

� Initial FM Final FM � FM Percent change

10
 0.693
(0.734)

0.737
(0.776)

0.044
(0.042)

6.3%
(5.7%)

12
 0.718
(0.758)

0.748
(0.785)

0.030
(0.027)

4.2%
(3.6%)

14
 0.730
(0.768)

0.752
(0.787)

0.022
(0.019)

3.0%
(2.5%)

Table 5 Figure of merit before and after multipoint
optimization based on KS function given by Eq. (18).

Values in parentheses represent results on refined grid

� Initial FM Final FM � FM Percent change

10
 0.693
(0.734)

0.732
(0.772)

0.039
(0.038)

5.6%
(5.2%)

12
 0.718
(0.758)

0.744
(0.783)

0.026
(0.025)

3.6%
(3.3%)

14
 0.730
(0.768)

0.748
(0.785)

0.018
(0.017)

2.5%
(2.2%)
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Fig. 12 Figure of merit histories for multipoint optimization based on
explicitly constrained approach (arrows indicate feasible side of
constraints).

Table 6 Figure of merit before and after multipoint
optimization based on explicitly constrained approach.
Values in parentheses represent results on refined grid

� Initial FM Final FM � FM Percent change

10
 0.693
(0.734)

0.735
(0.773)

0.042
(0.039)

6.1%
(5.3%)

12
 0.718
(0.758)

0.748
(0.784)

0.030
(0.026)

4.2%
(3.4%)

14
 0.730
(0.768)

0.752
(0.788)

0.022
(0.020)

3.0%
(2.6%)

Baseline
Linear Combination
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Fig. 13 Blade cross sections at various radial stations before and after
multipoint optimization using the three different strategies considered.
The vertical scale has been exaggerated and all blades have been rotated
to the �� 14� collective setting for comparison.
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